A journey from binomial coefficients 4
to fractals and mathematical art
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About Blaise Pascal (1623-1662)

French
mathematician,
physicist, inventor,
philosopher, writer,
and theologian.

Picture : Wikimedia


https://commons.wikimedia.org/wiki/File:Blaise_pascal.jpg

Le traité du triangle arithmétique
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What we now
call “Pascal’s
triangle” was
published by
him in 1655
as “triangle
arithmétique”.
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Not SO hew

* The binomial coefficients were already
known to Chinese mathematicians
(although Pascal wasn't aware).

* Yang Hui 1238-1298
(published in a book of
Zhu Shijie, dated 1303)

* They also
appeared in India,
many centuries
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The triangle rule
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n? A simple rule
3 F=C+E
3 10 = 6+4

35 = 20+15
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The triangle rule >

o ] G P N S 21
-‘1 A ; Le nombre de chague cellule , eft égal 2 celz;_y de la ceilule gm lat-
YIX| & | # precede dans fon rang ferpmd}m[mre plus g8 d’e la c'eﬂ#le gm la
I_ NN\ e precede dans fon rang parallele, Aiplls ceflzld)F ;
FCAT s brede la cellule F, égale la cellull 6 lus (ZTe7 (9-"#5}7_/&‘ d!:s

| —— anires.
S adbal

AL L y le o2 ﬂ,m.men?u:

WV A iy A simple rule
A . F = C+E
v EF 10 = 6+4
: } 35 = 20+15

|



A
In modern words

N‘

Pascal’s design was later modified in order to better take in
account the binomial theorem... “sliding” columns a bit.

1 N

< Row 5 (diagonal in Pascal design)



A
In modern words

Nl

Pascal’s design was later modified in order to better take in
account the binomial theorem.

Row
,/ (diagonal in Pascal’s
1 E n) :(n_1) +(n_1) design)
oy WL
1 2 Column
1 3
1

¢« n=5



S e e

o B~ W N B

And the binomial theorem

k=0 \R
1 (14+X) = 142X +X°
3 1 (1+X)’ = 1+3x+3x°+ X
6 4 1 (14X) = 144 X+6 X +4 X +X'

10 10 5 1 (1+X) =1+5x+10x"+10X>+5x"+X°
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Binomial coefficients, in 4 ways _&
—————— e ——————

How can we compute the binomial coefficients ?
Good news ! Python computes easily with large integers ©.
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Binomial coefficients, in 4 ways

h
N

How can we compute the binomial coefficients ?
Good news ! Python computes easily with large integers ©.

_ _ _ nj_[n=1|,(n-1
- Using the triangle rule: 1] PP

R
n|_ n(n=1)---(n—k+1)
R R(R—1)-1

+

* Using a direct formula: [2]



Binomial coefficients, in 4 ways
e ——————————

[ N

How can we compute the binomial coefficients ?
Good news ! Python computes easily with large integers ©.

- Using the triangle rule: )=
n(n—1)---(n—RkR+1
- Using a direct formula: 21 |7]= | k(,z_1()...1+ )

» Using a recursive scheme: with



Binomial coefficients, in 4 ways
e ——————————

[ N

How can we compute the binomial coefficients ?
Good news ! Python computes easily with large integers ©.

- Using the triangle rule: N T

_ _ n(n—1)---(n—k+1)
- Using a direct formula: 21 |7]= RR=1)-1
* Using a recursive scheme: with

 Using factorials: with



Go on along your own way! »

N

* Now you can program if you want. Start Python on your Nspire CX-
l| software or hand-held (or on the 84 CE Python edition, it works
also), and try to create such a function :

[ N

def binom(n,k): Hint : the quotient of the division of
m by j (taken as integers) should be

coded as m//j (m/j being a float).

return ...

* Your code should remain short (4-5 lines, no more).
* You can test your function asking for binom(500,214) (a bunch of
digits, finishing by 06000).

14



Some possible Python codes
E—————————

_n(n=1)--(n—Rk+1)

21 )= 1---(R=1)R

n
R




Some possible Python codes &‘

N

o] (7 n(n—1)---(n—k+1)
def binom2r(n,k): k 1---(R=1)k

if k==0: return 1 A Here we have a recursive function (e.g. a
return binom2r(n,k=1)*n-k+1)/k function calling itself). Use with care.

def binom2i(n,k): |

X=1 ... and here an iterative function doing
for i in range(1,k+1): X=(X*(n—i+1))//] the same computations.
return X |

16



Some possible Python codes

N

o] n(n—1)---(n—k+1)

Z

def binom2r(n,k): 1---(R—1)R

n
R
if k==0: return 1
return binom2r(n,k=1)*(n-k+1)//k

def binom2i(n,k):
X=1
foriin range(1,k+1): X=(X*(n—i+1))//i
return X

def binom3r(n,k):
if k==0: return 1
return binom3r(n-1,k-1)*n//k

def binom3i(n,k):
X=1

for jin range(1,k+1): X=0X*(n—k+j)//]

return X

[3]

n
R

n
R

n-1
R-1

17




Some possible Python codes

N

@

return binom2r(n,k=1)*(n-k+1)//k
def binom3i(n,k):

. [2] (M= n(n—1)-(n—k+1) 4, binom3r(n,k):
def binom2r(n,k): 1---(R—=1)R if k==0: return 1
if k==0:return 1 return binom3r(n-1,k=1)*n//k

def binom2i(n,k): X=1
X=1 for jin range(1,k+1): X=X (n—k+)))//]
for i in range(1,k+1): X=0X*(n-i+1))//i return X nin-1
return X [3] k k-
def facto(n): 1
: # Factorial of an integer
It's better to avoid # qu=‘| rial of an integer
recursivity (Python for k in range(1,n+1): p=p*k
has its limits...) _\> return p n !
........................... [4] k - RI(n—R)!
. Code binomial.tns { Qeglblnorﬁél(n L : :
! |# Binomial coefficient, based upon factorials
 binomial.8xv 1| return facto)/facto(k)/acto(n—K) "




The worse possible code »

h
N

* Back to scheme [1] (triangle rule): what about recursivity ?

def recbin(n,k):
if k==0 or n==k: return 1
return recbin(n-1,k)+recbin(n-1,k-1) # triangle rule

* It works, indeed. But ... let's try it !

19



The worse possible code
B —————— Ny

* Back to scheme [1] (triangle rule): what about recursivity ?

def recbin(n,k):
if k==0 or n==k: return 1
return recbin(n-1,k)+recbin(n-1,k-1) # triangle rule

* It works, indeed. But ... let's try it !

[ N

* The recbhin(25,9) call lasts 30 seconds on my CX-Il hand-held.

* Why ?

20



The worse possible code
B —————— Ny

* Back to scheme [1] (triangle rule): what about recursivity ?

def recbin(n,k):
if k==0 or n==k: return 1
return recbin(n-1,k)+recbin(n-1,k-1) # triangle rule

[ N

* It works, indeed. But ... let's try it !

* The recbhin(25,9) call lasts 30 seconds on my CX-Il hand-held.
* Why ? Just doubling the calls at each step ... 2%°>3.107 calls !

* Other codes fail with “maximum recursion depth exceeded”

21
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One coefficient vs. one row

N‘

* Another approach to the binomial coefficients : compute whole
rows of the triangle, filling a list with the help of the triangle rule [1].

* Asingle list is here enough if we accept an “overloading” process,
e.g. starting with L=[1,2,1,0,0] it’s possible to modify terms of L like
this, processing from right to left :

L[3] = L[3]+L[2] # gives 1
L[2] = L[2]+L[1] # gives 3
L[1] = L[1]+L[O] # gives 3
L[O] unchanged (still 1) = L=[1,3,3,1,0]

22



o \ S
One coefficient vs. one row

N‘

* Another approach to the binomial coefficients : compute whole
rows of the triangle, filling a list with the help of the triangle rule [1].

* Asingle list is here enough if we accept an “overloading” process,
e.g. starting with L=[1,2,1,0,0] it's possible to modify terms of L like
this, processing|(from right to left : |

line(n): # computes Pascal's triangle line
|_[3] — |_[3]+|_[2] # gives 1 ][10 r:-:-r: r;aL=[0]"r? : L[0]=1 #initializations
L[2] — L[2]+L[l] o gives 3 forymrange(i,0,~-1):[# R TL
L[1] = L[1]+L[O] # gives 3 returnLIFi]_ ] iT—4# overwriting
L[O] unchanged (still 1) = L=[1,3,3,1,0]

Code : binomial.tns

23



One coefficient vs. one row »

N

* Another approach to the binomial coefficients : compute whole
rows of the triangle, filling a list with the help of the triangle rule [1].

* Asingle list is here enough if we accept an “overloading” process,
e.g. starting with L=[1,2,1,0,0] it’s possible to modify terms of L like

[ N

this, processing from rightto left | Grmemsomes P
L[3] = L[3]+L[2] #_gives 1 P:rrm r;afg[eftl(]n")r:;L[G]=1 #initializations
L[2] = L[2]+L[l] # gives 3 for jin range(i,0,-1): # RTL
L[1] = L[1]+L[0] # gives 3 L T YRR
L[0] unchanged (still 1) = L=[1,3,3,1,0] S
« Caution : processing from [1,7,21,35,35,21,7,1]
left to right doesn’t work. b e R B

24



Display the triangle (1)
e ——————

« Now we can show def line(n): # computes a Pascal's triangle line
, : n=n+1; L=[0]*n ; L[O]=1 #initializations
Pascal’s triangle. for iin range(n):
: . forjinrange(i,0,-1): # RTL
¢ The COde IS Very Slmllar, LD]:LD—'] ]+L[|] # Gverwﬂnng

appending a copy of the | retumnlL
computed “row” Lt0 @  def triangle(n): # prints Pascal's triangle

list (of lists) P. n=n+1;P=[]
L=[0]*n ; L[O]=1 #initializations
- Caution : if you just code foriin range(n):
forjinrange(1,0,-1). # RTL
P.append(L) L[i]=L[j-1]+L[j]] # overwriting
you get a mess ... # list(L) creates a new list from L

P.append(list(L))
return P




Display the triangle (1)

N

* Now we can show

, . >>¥%or s in triangle(11): print(s)
Pascal’s triangle. [1.0,00.,0,0.0,0,0. 0,0, 0]
_ o [1,1,0,0,0,0,0,0,0,0,0, 0]
* The code Is very similar, [1,2.1,0,0,0,0,0,0,0,0, 0]
. [1.3.3.1,0,0,0,0,0,0,0 0]
appending a copy of the [1,4,6,4,1,0,0,0,0,0,0,0]
e [1.5,10,10,5,1,0,0,0,0,0, 0]
computed “row” L to a [1.6,15,20,15,6,1,0, 0,0, 0, 0]
list (of lists) P. [1,7.21,35, 35,21,7,1,0,0,0,0]
[1.8, 28, 56, 70, 56, 28, 8, 1, 0, 0, 0]
. : [1.9. 36, 84, 126, 126, 84, 36, 9, 1, 0, 0]
We print here the [1,10, 45, 120, 210, 252, 210, 120, 45, 10, 1, 0]
successive lists [1,11, 55, 165, 330, 462, 462, 330, 165, 55, 11, 1]

contained in the output
list (e.g. P).



Display the triangle (2)
e ——————

« Colouring the numbers 11
according to their parity, some 1 331
patterns seem to appear. B 10 10

1 6152015 6 1
1 7 213535217 1

27



—

~ M~

- o o
PP
e

13Emﬁﬂ

ol MD)W~
e e e e e e

Display the triangle (2)

» Colouring the numbers
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Display the triangle — graphically (1) &s

- Stephen Wolfram (author of Mathematica) published a paper
about this idea in 1984 in his paper “Geometry of binomial
coefficients” in the Amer. Math. Monthly.

Photo : Wlklpedia
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https://content.wolfram.com/uploads/sites/34/2020/07/geometry-binomial-coefficients.pdf

Display the triangle —
e ——————

graphically (2)

[ N

» Stephen Wolfram (author of Mathematica) published a paper
about this idea in 1984 in his paper “Geometry of binomial
coefficients” in the Amer. Math. Monthly.

* Let’s program this in Python
with the Nspire CX-II. The list L
receives successive lines of
Pascal’s triangle, as before,
and points are plotted in red
when the coefficient is odd.

____________________________________

from ti_draw import *

def pt,)): # ingle point
plot_ xy(1 +J 1+|7)
def t(p): # draw the | -
clearO set color@SSOO)
n=p+1; L=[0]*n; L[O]=1
for i in range(n):
for j in range(i,~1,-1):
if j>0: L[j]=L[j-1]+L[j]
if L[j]%2=="1: pt(,))



https://content.wolfram.com/uploads/sites/34/2020/07/geometry-binomial-coefficients.pdf

Display the triangle — graphically (3)

» Stephen Wolfram (author of Mathematica) published a paper
about this idea in 1984 in the “Geometry of binomial
coefficients” in the Amer. Math. Monthly.

* Let’s program this in Python
with the Nspire CX-II. The list L
receives successive lines of
Pascal’s triangle, as before,
and points are plotted in red
when the coefficient is odd.

>

Agagag
7
=

=
Ve
=

* The resulting figure is here ===



https://content.wolfram.com/uploads/sites/34/2020/07/geometry-binomial-coefficients.pdf

Display the triangle — symmetrically

N‘

Pascal’s triangle, there Is a
symmetry, due to the formula
shown here on the right.

- Among the many patterns of (n)_( n )
- n




Display the triangle — symmetrically

*  Among the many patterns of
Pascal’s triangle, there Is a
symmetry, due to the formula
shown here on the right.

* |n order to better “see” this
symmetry, just dispose the
triangle in Yang Hui's way :

33



Display the triangle — symmetrically
e ——————

[ N

*  Among the many patterns of
Pascal’s triangle, there is a
symmetry, due to the formula
shown here on the right.

* In order to better “see” this
symmetry, just dispose the
triangle in Yang Hui's way.

* The algorithm is very similar :
just change the pt function.

def pt2(i,j): # plot a point, bettel
plot_xy(160-i+2%,1+i,7)

34




Display the triangle — graphically (4)

This “triangles in triangle”
design was first imagined by
Wactaw Sierpinski, polish
mathematician (1882-1969).

Photo : Wikipedia



https://en.wikipedia.org/wiki/Wac%C5%82aw_Sierpi%C5%84ski

Display the triangle — graphically (5)

This “triangles in triangle”
design was first imagined by
Wactaw Sierpinski, polish
mathematician (1882-1969).
He published an article in
1915 about the now so-called
“Sierpinski gasket”, one of the
first examples of a fractal
curve (the “fractal” word
appeared much later).

Photo : Wikipedia



https://en.wikipedia.org/wiki/Wac%C5%82aw_Sierpi%C5%84ski

Why this ?

The self-similarity of the triangle taken modulo
a prime number (here, 2) was discovered by
the french mathematician Edouard Lucas (in
1878). Lucas was a math teacher whose
research didn’t receive due support at his
time, and his main article (excerpt below) isn’t
easy to read.

On a donc, en général, pour p premier,

Cr=0Cn < C (mod. p),

Photo : Wikipedia

5 5 : m n 55
my ct ny désignant les entiers de — et de —» et et v les résidus

de m et de n suivant le module p.

37



An insight into the Lucas theorem (1)
e ——————

[ N

Lemma. If 2°>¢c>0, then (25> Is even. Equivalently, the only odd coefficients

C

of the 2° row are the extreme ones.

Consequence. In the 2°—1 row of the
triangle, all coefficients are odd.

S

Proof. Recall the formula (for k>0), or k(Z) = n(”'1). So we

R-1
2 2 _11 (because ¢>0). The RHS has at least s times 2
C c—
in factor, while in the LHS the factor ¢ has at most s—1 times 2 in factor
25
C

have c|4 |=2°

since ¢<2’. Thus, the binomial has to be even.

38


http://www.numdam.org/articles/10.24033/bsmf.127/

An insight into the Lucas theorem (2) »

N

[ N

Lemma. If 2°>¢c>0, then (25> Is even. Equivalently, the only odd coefficients
C

1
of the 2° row are the extreme ones. : ; ; .
Consequence. Inthe 2°—1 rowofthe 1 1 11
. . 1 0 0 0 1
triangle, all coefficients are odd. s o o Bl
1 010101
11111111
1 000 O0OTO0DTUO0 1
11 00O0O0OO0DO01I1
1 010 O0O0O0OO0DI1ITD0D0I1
111100001111
i1 0001 0O0O0O1O0O0OTD0TI1
i1 1001100110011
i1 0101010101010 1
1111111111111 111
1 000 O0OO0OO0OOOOOOOODODDOI1



An insight into the Lucas theorem (2) »

N

[ N

Lemma. If 2°>¢c>0, then (25) Is even. Equivalently, the only odd coefficients
C

1
of the 2° row are the extreme ones. o m
Consequence. Inthe 2°—1 rowofthe 1 1 11
. : 1 0001
triangle, all coefficients are odd. s o o Bl
. . 1010101
We can see this here, lookingatthe (G 111111 1)
. 1 00 0O0O0O0ODDDI1
rqws#B,?,lS(beware.the B 0 0 0 0 0 o
triangle starts with a row #0, 10100000101
- .. f inal 111100001111
consisting of a single 1). 1000100010001
For instance, row #3 consists of S 0 O BRgs 0 O pRusy 0 0 g
i1 0101010101010 1
four ones. 1111111111111111
1 00O0O0OO0OO0OOCOOOOOODDOI12
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An insight into the Lucas theorem (3)
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An insight into the Lucas theorem (3)

Lucas again. The binomials

(r) r+2°\ ang (F+2°
c/ \c c+2°

have the same parity.

rowr

column c

We can observe this fact here,
with r=5, c=2 and 2°=8.
The upper “triangle”, made

of 8 rows, gets a copy
below ...

row r+2s

R b O R

v

o

= i i

o e e e | T

o000 O

=]

o= o




An insight into the Lucas theorem (3)

[N
column ¢ column c+2s
Lucas again. The binomials i 1
r\ (r+2°\ gng (r+2° 16 1
, .
c/ \c c+2° 1111
. s 19001
have the same parity. 1\%5 011
: 1010101
W.e can observe this f?ct here, 111111 lﬁ\
with r=5, c=2 and 2°=8. 1900000 01
The upper “triangle”, made . ; o oo oz :; .
of 8 rows, gets a copy 14110000/1411
below ... fow 142° 19001 0\00f140001
and another one below 1) 6011 v\ﬂ} {10011
and to the right 1010101 1\¢/1n1n1
' 1111111111111111
100000000GO0O0O0OD0O0OQD




An insight into the Lucas theorem (3)
B —————— Ny

column c column c+2s

[ N

Lucas again. The binomials

Hiliagldwe?
c) \c c+2°
have the same parity. . | (D) o013 o %

We can observe this fact here,
with r=5, c=2 and 2°=8.

The upper “triangle”, made
of 8 rows, gets a copy
below ...

and another one below
and to the right.

row r+2s

e e

ek E()ﬁiﬂrﬁlﬂ -
Ol R Do
olropoR

Olk kb o R
olrodbopR

===
o=
=1
o



Finally

» Tom Bannink, Harry Buhrman in
“Quantum Pascal’s Triangle and
Sierpinski’s carpet” (2017)

consider Pascal’s triangle modulo
non-prime moduli

before applying these ideas to
guantum computing.

45


https://arxiv.org/pdf/1708.07429.pdf

Finally

» Tom Bannink, Harry Buhrman in
“Quantum Pascal’s Triangle and
Sierpinski’s carpet” (2017)

consider Pascal’s triangle modulo
non-prime moduli

https://arxiv.org/pdi/1708.07429.pdf

before applying these ideas to
guantum computing.

* Here art & math are meeting.



https://arxiv.org/pdf/1708.07429.pdf

Let's play ... modulo 4 &\

N

@ - Sierpinski4.py

317

from ti_draw import *
def pt(i,j,c):
if c==0: set_color(255,255,255)
elif c==1: set _color(0,0,0)
elif c==2: set_color(245,176,99)
else: set_color(255,0,0)
plot_xy(160-i1+2%,1+,7)
def t(p):
clear()
n=p+1 ; L=[0]*n ; L[0]=1
foriin range(n):
forjinrange(i,-1,-1):
if j>0:
LGI=L[-1]+L[]
pt(ij.L[[]%4)

ECode:Sierpinski.tns / SIRPNSKI.S8xv :

Termine
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Bonus : Lucas thorem
e ——————

In actual notations, Edouard Lucas theorem can be stated as :

[ N

Theorem. Let A, B be integers, with 0<B<A, and p a prime.
Write A and B in p-adic notation as

A=a,p"+---+a,p+a,, and B=b,p"+---+b.p+b,
where 0<a,,b,<p and a,#0. Then
A

= Ap|[Ar—q)...[A1)| Do mod p
B) \by)\by_s] \by)\by
2"+al\_(2"+al|_|[a

mod 2.

Corollary. If 2">a>b, then

b

b 2"+b
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